exercise 10

these are my solutions to the tenth exercise set of TMA4135.

this document was created using typst.
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https://typst.app/

problem 1

a)

f(x) := sin(3x) + 5 cos(2x)
is already in its fourier series form.
the coefficients can be read as

CloZO,

@ — 5 if n=2
" 10 otherwise

b — 1T if n=3
" 10 otherwise

b)
let

gx)=x°, —m<x<m

then we can compute the fourier series using the formulas for 27t
-periodic functions

) _» T Jo
2 2
= 3—7[[7‘3}3; = g”z
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7T
an = —J x% cos(nx) dx

7T —Tt
Tt
1|x? 2x 2
= — | — sin(nx) + — cos(nx) — — sin(nx)
TN n n
—Tt
2 2 2 "
— [xz sin(nx) + i cos(nx) — — SlTl(TIX)]
nm n n 0
2 (2m
= —| — cos(mmn)
nm\ n
4
=2V
] Tt
b, = —J x? sin(nx) dx
TTJ)n
1] 2 2x 2

7T
= — | ——cos(nx) + — sin(nx) + — cos(nx)]
s

n n n _
71_1 (%Jr i—g sin(mm) +M)
( s(—mn) — i—TZ[ sin(—mn) +M)}

= —(sin(mn) + sin(—7mn))
n

= sz (sin(rtn) — sin(7n)) = 0

the fact that b, is zero is reassuring, since the oddness that it
contributes with would be undesirable for a function like xZ.
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show
h(x) = f(x) % g(x) = J  gly)fix—y) dy
= —477[ sin(3x) + 57t cos(2x)

h(x) = J_ y?[sin(3(x —y)) +5cos(2(x —y))] dy

this would be an awful lot of integration by parts, so let’s be more
clever about this.

we can expand the trigonometric terms in f(x —y) to obtain
simpler terms that cancel out under ffﬂ g(y)sin(ny)dy =0

* sin(3(x —y)) = sin(3x) cos(3y) — cos(3x) sin(3y)
* cos(2(x —y)) = cos(2x) cos(2y) + sin(2x) sin(2y)

thus we obtain

h(x) = sin(3x) r y? cos(3y) dy

—cos(3x) ’ sin(3y) dy

r7C

+5 cos(2x) y? cos(2y) dy
J —Tt

r7T

+w sin(2y) dy
J —TT




but these are simply the coefficients of y? from b), such that

T, 4
_ b — | (1 —
ﬁl[—ﬂy COS( y)dy [nZ( ]) ]n:2 !
1" 2 4 n - 4
L] weosuiay = | -
which gives
4t
h(x) = - sin(3x) 4+ St cos(2x)

d)

h(m) is also made up of basis vectors, such that the coefficients
can be written as

Ao
aTL

0
50 if n=2
0 otherwise

— if n=3
b, ? .
0 otherwise
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5 if n=2
Cn(f) = an(f) +br(f) =<1 if n=3
0 otherwise

e (g) = %712 if n=0
md) = %(—1)“ otherwise

57 if n=2
cn(h) =<5 —2F if n=3
0 otherwise

we can notice that c;(h) = 7tcy(f) and c3(h) = 7tc3(g).

if we look for a deeper pattern, we can also notice that c2(g) =
1 and c3(f) = 1 such that we could say that

c2(h) = mcp(f)ea(g) /A c3(h) = mes(f)es(g)

this 1s a profound result — well, the generalized statement is — and
is related to the fourier transform. we are saying that convolving
two functions is the same as taking their point-wise product at
certain frequencies.

problem 2

a)
click the code to obtain the sketches for the expansions of f(x).

# Experimental!

~ "git: github.com/Omnikar/uiua-plot" ~ Data Plot
NiCo =2-oy1 e+e-115

NLE-1x2+-1-#°C

n(Plot Data ®)
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https://uiua.org/pad?src=0_18_0-dev_2__eJxTVnCtKEgtysxNzStJzFHkqlNQSs8ssVJIzyzJKE3SS87P1ffPzcvMTizSL80sTdQtyMkvUVKoU3BJLElUCMjJL-F61LHyUc_8R11Nj7p2HFr_qL3nUdeOR20zDBUeNU08vP3R_DmP2hcamkKUzXvUNV_X8PB0o8PbdQ1B6pbvPrThUVc_SFYDZBrE3Ee9nZpcAB-1SDo=

this is how the even expansion would look.
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-0/.8 -0. 4 0.4 0.8

this 1s how the odd expansion would look. it is a little off because
1 didn’t bother to make a duplicate point at —1 to highlight the
discrete jump.

these are both created by evaluating f(x) = exp(x) on [0, 1],
then taking those values in reverse from O to —1, one of them
negated to obtain the odd property.
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b)
it makes sense that the even expansion is more practical in this

case, since it 1s smoother and doesn’t contain a discrete jump,
only a point at which it isn’t differentiable, but it is continuous.

the gibbs artifacts will be smaller compared to the odd expansion,
which will have large artifacts at the discrete jump, making for
a less accurate approximation of f(x) using a truncated fourier
series.

c)
let now f(x) = x — x% on [0, 1].

we only need to change our single function in the code, namely
change from e to (-<°V).

. NiCo =2-o\1 (--°V)+0-115
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https://uiua.org/pad?src=0_18_0-dev_2__eJxTVnCtKEgtysxNzStJzFHkqlNQSs8ssVJIzyzJKE3SS87P1ffPzcvMTizSL80sTdQtyMkvUVKoU3BJLElUCMjJL-F61LHyUc_8R11Nj7p2HFr_qL3nUdeOR20zDBU0dEEiGx51zNI8vP3R_DmP2hcamkKUz3vUNV_X8PB0o8PbdQ1B6pfvPrThUVc_SFYDZCrE_Ee9nZpcAGxZTF0=

this is how the even expansion
looks.
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-0/.8 -0. 4 0.4 0.8

this is the odd expansion. very nice.

we can see that the odd expansion already resembles a sine-wave.
we can then guess that this will the more accurate one of the two.

d)

denote the even and odd expansions as functions respectively

X — x2 if x>0 X — X2 if x>0
— ~ h(x) = -
9(x) {—x —x? otherwise’ x) {—x +x? otherwise
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we can find the coeflicients for these by calculating the integrals
from the definitions of the coefficients

1
ao(g)

-1
g(x) cos(2mnx) dx
J -1
-0

1
= ZJ (x — x*) cos(2mnx) dx
0

x = sin(2mnx) + T—2x
2m 4722
L
| 4m?n?  4qn?
1
 n2

bn(g)

(—x —x?) cos(2mnx) dx + J

1

0

cos(2mmx) +
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2
83n3

1
J g(x) sin(2mnx) dx =0
1

(X — XZ) cos(2mnx) dx

sin(2mnx)



0 1
— (—x+x2)dx+J (x—xz)dx
J 0

= h(x) sin(27tnx) dx

1
— (—x + xz) sin(2mmx) dx + J’ (x — xz) sin(2mmx) dx
J 0

]
= ZJ (x — x?) sin(2mnx) dx

1—2x . 2
— SlTl(ZT[TlX) — W

cos(2mmx)

4mPn?

x? —x
=2 [ = cos(2mnx) +

=0

well, that’s definitely wrong.
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problem 3

a)
the truncated fourier series of a function looks like

N N
Ao .
fn = 5 + Z a, cos(nx) + Z b, sin(nx)
n=I n=I
note: 1 use 2 0 with a in the definition of ay.

then to calculate the error, we take the difference with the actual
function, which can be expressed as an infinite fourier series

en(x) = f(x) = fn(x)

do +Zancos nx +Zb sin nx)]

n=I n=I1
Clo
+ E an cos(nx) + E b, sin(nx)
=1 n=1

— i (an cos(nx) + by sin(nx))
n=N-+1

it 1s the tail end of the infinite sum.

parsevals identity states that

1 L 2 00
=1 | MoFax= 2+ (ah )
—L

n=1
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b)
let f(x) = e™*

we first need to find the fourier coefficients

1
1
Qo :J e *dx = [e"]1_1 —e— —
-1 e

an =

problem 4

a)

—m—x if-m<x<-—35

: 7T 7T

f(x) =<x f—3<x<3
mn—x if7<x<m

f(x) 1s odd, so ap = a,, = 0.

2 Tt
b, = — J f(x) sin(nx) dx
TJo

0

]

— 2 “2 x sin(nx) dx + Jm(ﬁ — x) sin(nx) dx]

NI

] 2
J x sin(nx) dx = [—E cos(nx) + — sin(nx)]
0 n n 0

= —% cos(ng) + % sin(ng)
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J'ﬂ(ﬂ —x)sin(nx)dx = (—=1)" r usin(nu) du

= (=" [—% cos( ;) + % sm(ng)]

thus
b = E(] +(=1") T cos( ﬂ) + 1 mn(nﬂ)
"om 2n 2 n? 2
for even n: cos(n%) € {—1,0, 1} and sin(n%) = b, =0
for odd n: cos(n%) =0 and sin(ng) = (— 1)nT
4 Uy
b= g sin(n3)
forn =2k + 1:
4 K
ot = 1
2k+1 T[(Zk—i—])z( )
applying parseval’s identity:
| v 12
— fo(x)dx = Z bxn
mJ—n n=1
2 ™ 2| e
2 I Ao
on dx+J%(7t X) dx]ﬂ 24+24 B




SO

ZO 2k +1)* 96

b)

even extension of f(x) = x on [0, 1] is f(x) = |x| with period 2.

r‘]
ap=2| xdx=1
Jo

r‘]
an =4 | xcos(nmx)dx

Jo
X 1 |
=4 e sin(nmx) + 22 cos(nx) )
4
— nzﬂz((_”TL —1)

a, = 0 for even n
—__8
an = —3 5 forodd n

the series 1s

therefore
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s om
ZO 2k+ 17 16

c)

odd extension of f(x) = x on [0, 1] is f(x) = x with period 2.

1
b, = 4J x sin(nmx) dx
0

1
X 1
=4 [—— cos(nmx) + —— sin(nmnx)
nm N4 0

4 4

Ty o gyt
=—— (=1 =_—(=1]

the can be written as

00 n+1
f(x) = %Z ) sin(nmx)

a
<
o
e
o
o
=
=
gQ
o
ﬁ
x
|
N|—

since sin(n%) = 0 for even nand sin((2k + 1)%) = (—1)* for
odd n:
4 i k+1 4 i (_1 )2k+1
ﬂkzo 2k T = 2k + 1
therefore
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